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Using the pure spinor formalism for the superstring, the vertex operator
for the rst massive states of the open superstring is constructed in a man-
ifestly super-Poincare covariant manner. This vertex operator describes a





To study the implications of spacetime supersymmetry for the superstring, it is useful
to have a formalism in which super-Poincare covariance is manifest. Although the super-
Poincare covariant Green-Schwarz formalism [1] can be used to classically describe the
superstring, it has not yet been quantized in a covariant manner. This prevented the
construction of super-Poincare covariant expressions for massive vertex operators since,
unlike massless vertex operators, massive vertex operators cannot be obtained from the
classical action in a curved background.
Recently, a new super-Poincare covariant formalism for the superstring has been pro-
posed using a BRST-like operator Q =
∫
d where d is the D = 10 supersymmetric
derivative and  is a pure spinor variable[2]. In this formalism, physical vertex operators
are dened in a manifestly super-Poincare covariant manner as states in the cohomology
of Q. Massless vertex operators have been explicitly constructed using this formalism and
tree amplitudes have been shown to coincide with Ramond-Neveu-Schwarz amplitudes [3]
[4].
In this paper, the vertex operator for the rst massive states of the open superstring
will be explicitly constructed in super-Poincare covariant notation and shown to describe
a massive spin-two multiplet containing 128 bosonic and 128 fermionic degrees of freedom.
Although this construction is guaranteed to succeed because of the cohomology arguments
of [5], it is interesting to see how the vertex operator for this massive multiplet is expressed
in terms of ten-dimensional superelds.
2. Physical Vertex Operator
Physical states in the pure spinor formalism for the open superstring are dened as
ghost-number one states in the cohomology of Q =
∫
d where  is a pure spinor
variable constrained to satisfy γm = 0,







γm and γm are 16  16 symmetric matrices which are the o-diagonal components of
the 32 32 ten-dimensional gamma matrices, [xm; ; p] for m = 0 to 9 and  = 1 to 16
are free worldsheet elds satisfying the OPE’s






and 0 is the inverse of the string tension. One can use (2.2) to show that d is spacetime
supersymmetric and satises the OPE’s [6]











m(y)V (z) ! − 
0
y − z @
mV (z); d(y)V (z) ! 
0
2(y − z)DV (z);
where m = @xm + 12γ
m

@, V (x; ) is an arbitrary ten-dimensional supereld,
and D = @@α + γ
m

@m is the supersymmetric covariant derivative which satises
fD; Dg = 2γm@m.
The pure spinor constraint γm = 0 implies that the canonical momentum for ,
which will be called w, only appears in combinations which are invariant under the gauge
transformation w = (γm)m for arbitrary m. This implies that w only appears
in the Lorentz-covariant combinations Nmn = 12 (wγmn) and J = w
. By solving
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Nkl(y)Nmn(z) ! − 3(
0)2
4(y − z)2 
k[nm]l +
0
2(y − z) (
m[lNk]n(z)− m[lNk]m(z));
J(y)J(z) ! − (
0)2
(y − z)2 :
Furthermore, γm = 0 implies that Nmnand J satisfy the relation
: Nmn : γm − 12 : J
 : γn = 
0γn@
(z) (2:5)






To prove (2.5), note that w drops out of the left-hand side because γm = 0. And the
coecient in the normal ordering contribution 0γn@
 can be determined by computing
the double pole of (2.5) with J using the OPE J(y)J(z) ! − (′)2
(y−z)2 .
When 0(mass)2 = n, open superstring vertex operators are constructed from arbi-
trary combinations of [xm; ; d; ; Nmn; J ] which carry ghost number one and conformal
2
weight n at zero momentum. Note that [d; Nmn; J ] carry conformal weight one and 
carries ghost number one. For example, the most general vertex operator at (mass)2 = 0
is V = A(x; ) where A(x; ) is an unconstrained spinor supereld. One can easily
check that QV = 0 and V = QΩ implies γmnpqrDA = 0 and A =
′
2 DΩ, which are
the super-Maxwell equations of motion and gauge invariances written in terms of a spinor
supereld.
When 0(mass)2 = 1, the rst massive states of the open superstring are described
by the vertex operator
V = @A(x; )+ : @B(x; ) : + : dC(x; ) : (2:6)
+ : mHm(x; ) : + : JE(x; ) : + : NmnFmn(x; ) :




A(y) (z)A(z) and A(x; ) are the various
superelds appearing in (2.6). Note that because of (2.5), V is invariant under the eld
redenition
Fmn = γmn − γnm; E = −γmm; A = −20γmm: (2:7)
As will now be shown, the equations of motion and gauge invariances implied by QV = 0
and V = QΩ imply that the superelds A(x; ) describe a massive spin-two multiplet
containing 128 bosonic and 128 fermionic degrees of freedom.
3. Equations of Motion
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= − : @γ [DBγ − γmγHm] : + : m [DHm − γmγCγ ] : (3:2)
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+ : JDE : + : NmnDFmn :;





Since γm = γm@ =0, QV = 0 implies that the superelds A satisfy
(γmnpqr)[DBγ − γsγHs] = 0; (3:3)
(γmnpqr)[DHs − γsγCγ] = 0;







































where Ksvwxy is an arbitrary supereld. The possibility of introducing K
t
vwxy into the
right-hand side of (3.3) comes from the fact that for arbitrary Ksvwxy,








which follows from the identity
: Nst : γsγ −
1
2







To derive (3.5), rst dene














where Cw encircles the point w and Cz encircles the point z. Using (2.5) and (2.4), one
nds
: Nst : γsγ −
1
2
: J : γtγ (3:7)
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γ + lim
w!z
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In order to determine the physical content of the equations of motion (3.3), one needs
to gauge x the superelds using the gauge transformations implied by V = QΩ, as
well as the transformations implied by the eld redenition of (2.7). Since the gauge
parameter Ω should have ghost number zero and conformal weight one, the most general
gauge parameter is
Ω =: @Ω1(x; ) : + : dΩ2 (x; ) : + : 
mΩ3m(x; ) : (4:1)
+ : JΩ4(x; ) : + : NmnΩ5mn(x; ) :;











y − z [@
(y)Ω1(z)− @(y)(z)DΩ1(z)− γm(y)m(y)Ω2 (z) (4:2)















+ : @[−DΩ1 + γmΩ3m] :





+ : m[DΩ3m − γmΩ2 ] :
+ : JDΩ4 : + : NmnDΩ5mn : :
So V = 2′QΩ implies the following gauge transformations for the superelds in (2.6):









B = −DΩ1 + γmΩ3m;




Hm = DΩ3m − γmΩ2 ;
E = DΩ4;
Fmn = DΩ5mn:
5. Massive Spin-Two Multiplet
In this section, we shall show that the equations of motion of (3.3) and the gauge
transformations of (4.4) and (2.7) imply that the superelds appearing in (2.6) describe
a spin-two multiplet with (mass)2 = 1′ . Note that the 128 bosonic and 128 fermionic
component elds in a massive spin-two multiplet consist of a traceless symmetric tensor
gmn, a three-form bmnp, and a spin-3/2 eld  m satisfying the equations:
mngmn = @mgmn = @mbmnp = @m m = γm m = 0: (5:1)
These ten-dimensional component elds can be understood as Kaluza-Klein modes of an
eleven-dimensional supergravity multiplet.
The rst equation of motion of (3.3) implies that γDBγ = 0 where
γBγ = (γmnpqr)Bmnpqr. As discussed in reference [7], this is the same equation of
motion as for the super-Maxwell antield Aγ = A

mnpqr(γ
mnpqr)γ . But up to the gauge
transformation Amnpqr = γγmnpqrDγ , γDAγ = 0 has only massless solutions.
Since the fourth equation of (3.3) implies at 0 = 0 that γmnpqr(B +DA) = 0, Bmnpqr
has no massless solutions. So γDBγ = 0 implies that Bmnpqr = γγmnpqrDγ




 Bmnp. Note that this gauge-xing condition still leaves gauge invariances
parameterized by Ω1 that satisfy γmnpqrDΩ1 = 0.
Plugging B = γ
mnp
 Bmnp into the rst equation of (3.3), one nds that












for some Y γ and Znp satisfying Znpγp = 0. It will now be argued that (5.3) implies
that Bmnp describes a massive spin-two multiplet whose mass will be determined by the
fth equation of (3.3).
To analyze the physical content of (5.3), it will be useful to choose a reference frame
in which the spatial momenta ka = 0 for a = 1 to 9 where the indices [a; b; c; :::] denote
spatial directions.3 This reference frame is always possible since the fth equation of (3.3)
at 0 = 0 implies that γmnp(B +DA) = 0, so Bmnp has no massless solutions. The




for some supereld Sbc. To show that Bbcd describes a massive spin-two multiplet, recall
that massive representations of D = 10 supersymmetry (or massless representations of
D = 11 supersymmetry) are described by the states ΩPA where P indices range over the
128 bosonic and 128 fermionic components of the smallest SO(9) supersymmetric multiplet
and A indices describe the degeneracy of the \ground" state. Note that supersymmetry
transformations act only on the P index and leave the A index invariant.
Dening bbcd = Bbcdj=0, the indices [bcd] on bbcd could in principle come from con-
tractions of P indices with A indices. But the constraint of (5.4) implies that the su-
persymmetry transformation of bbcd is bbcd = (γ[bScd])j=0, which implies through the
supersymmetry transformation of the P index that all indices in bbcd come from P . So the
\ground state" ΩP is non-degenerate and bbcd is the three-form of the smallest SO(9) su-
persymmetric multiplet. Furthermore, the supersymmetry transformation of bbcd implies
that
Sbc = (γ[bΨc]) (5:5)
3 Although the analysis would be more complicated, the physical content of (5.3) could also




γ = 0 and (Ψ
c
γ)j=0 =  cγ is the spin 32 eld. The remaining 44 bosonic degrees
of freedom in the SO(9) multiplet are described by the  = 0 components of the supereld
Gbc = Dγ(bΨc) which satises bcGbc = 0.
To complete the proof that Bmnp describes the massive spin-two multiplet of (5.1), it
will now be shown that B0bc = 0 when ka = 0 for a = 1 to 9. Comparing (5.3), (5.4) and
(5.5), one nds that
Y γ = 0; Zbc = h(γ[bΨc])γ; Hb = 96(h− 1)Ψb (5:6)
for some constant h. And (γmZmn) = 0 implies that Z0bγ = −7h(γ0Ψb)γ . After using
the gauge parameter Ω2 to gauge (γ
mHm) = 0, one learns from (5.3) that
DB
0bc = (4− 16h)(γ0γ[bΨc]): (5:7)
Using similar arguments as before, one can argue that the only solution to (5.7) is B0bc = 0
and h = 1
4
. To prove this, note that bobc = B0bcj=0 transforms under supersymmetry as
bobc = (4−16h)(γ0γ[b c]): But there are no states in ΩPA which transform in this manner,
so b0bc must vanish.
So (5.3) implies that Bmnp describes a massive spin-two multiplet. Furthermore, after
using the gauge parameters Ω4, Ω5mn and (2.7) to gauge-x
C = (γmnpq)Cmnpq and γmFmn = 0; (5:8)
the rst three equations of (3.3) imply that [Hm; Cmnpq; E; Fmn] are determined from



























Plugging (5.9) and (5.10) into the fourth equation of (3.3) implies that γmnpqrDA =
0, so one can gauge-x A = 0 using the remaining gauge transformation parameterized
by Ω1 . And plugging (5.9) and (5.10) into the fth equation of (3.3) implies that
(@m@m − 1
0
)Bnpq = 0 (5:11)
8
so that (mass)2 = 1′ . Finally, the sixth equation and the traceless part of the seventh
equation of (3.3) provide no new information, as can be seen from the fact that if the rst
ve equations of (3.3) are satised,
QV =: J(γmnpqr) : Smnpqr+ : Nst(γmnpqr) : T stmnpqr (5:12)
for some Smnpqr and traceless T stmnpqr. But Q
2 = 0 implies that







(γstd)(γmnpqr)T stmnpqr + :::
where ::: does not involve d. So Q2 = 0 implies that Smnpqr = T stmnpqr = 0.
So it has been shown that the vertex operator of (2.6) describes a spin-two multiplet
with (mass)2 = 1′ in terms of ten-dimensional superelds.
Acknowledgements: We would like to thank Brenno Carlini Vallilo for his partici-
pation in the early stages of this project and the ICTP for their hospitality where part of
this work was done. OC would like to thank FONDECYT grant 3000026 for nancial sup-
port and NB would like to thank CNPq grant 300256/94-9, Pronex grant 66.2002/1998-9
and FAPESP grant 99/12763-0 for partial nancial support. This research was partially
conducted during the period that NB was employed by the Clay Mathematics Institute as
a CMI Prize Fellow.
References
[1] M.B. Green and J.H. Schwarz, \Covariant Description of Superstrings," Phys. Lett.
B136 (1984) 367.
[2] N. Berkovits, \Super-Poincare Covariant Quantization of the Superstring," JHEP 0004
(2000) 018, hep-th/0001035.
[3] N. Berkovits and B.C. Vallilo, \Consistency of Super-Poincare Covariant Superstring
Tree Amplitudes," JHEP 0007 (2000) 015, hep-th/0004171.
[4] N. Berkovits, \Relating the RNS and Pure Spinor Formalisms for the Superstring,"
JHEP 0108(2001) 026, hep-th/0104247.
[5] N. Berkovits, \Cohomology in the Pure Spinor Formalism for the Superstring," JHEP
0009 (2000) 046, hep-th/0006003;
N. Berkovits and O. Chanda, \Lorentz Invariance of the Pure Spinor BRST Coho-
mology for the Superstring," Phys. Lett. B514 (2001) 394, hep-th/0105149.
[6] W. Siegel, \Classical Superstring Mechanics," Nucl. Phys. B263 (1986) 93.
[7] N. Berkovits, \Covariant Quantization of the Superparticle Using Pure Spinors,"
JHEP 0109 (2001) 016, hep-th/0105050.
9
